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ABSTRACT
Thermoacoustic wave propagation in a two-dimensional rectan-

gular cavity is studied numerically. The thermoacoustic waves
are generated by raising the temperature locally at the walls. The
waves, which decay at large time due to thermal and viscous dif-
fusion, propagate and reflect from the walls creating complicated
two-dimensional patterns. The accuracy of numerical simulation
is ensured by using a highly accurate, dynamically adaptive, mul-
tilevel wavelet collocation method, which allows local refinements
to adapt to local changes in solution scales. Subsequently, high
resolution computations are performed only in regions of large
gradients. The computational cost of the method is independent
of the dimensionality of the problem and is , where is
the total number of collocation points.

INTRODUCTION
When a localized region of a solid wall surrounding a com-

pressible medium is subjected to a sudden temperature change,
the medium in the immediate neighborhood of that region ex-
pands. This expansion generates pressure waves. These thermally-
generated waves are referred to as thermoacoustic (TAC) waves.
TAC waves propagate at the local speed of sound of the medium
and their amplitudes gradually, over a long time scale, decay due
to thermal and viscous diffusion.
The main interest in thermoacoustic waves is motivated by their

property to enhance heat transfer by inducing convective motion
away from the heated area. This property may be utilized in cryo-
genic engineering applications and under micro-gravity conditions
when other modes of transport, such as natural convection, may
be weak.
Let us briefly review the relevant literature on the subject of

thermoacoustic waves. For more comprehensive survey we re-
fer to recent articles by Crocker and Parang (1994) and Hyun
(1994). One-dimensional linear thermoacoustic waves were stud-

ied by Trilling (1955) by use of Laplace transform to obtain a
long-time asymptotic solution for a TAC wave in a semi-infinite
medium which is generated by a small step-wise increase in tem-
perature at the surface. Huang and Bau (1995) generalized this
approach for general wall heating conditions. In addition, they
also solved numerically the nonlinear thermoacoustic wave prob-
lem and determined conditions under which the linear approxima-
tion is adequate. Huang and Bau (1996) also studied the dynamics
of a TAC wave in a one-dimensional confined medium. Practi-
cally the same problem was studied experimentally by Brown and
Churchill (1993).
In order to study the general problem, a number of investi-

gators (Spradley and Churchill, 1975; Ozoe et al., 1980, 1990;
Crocker and Parang, 1994) numerically solved two-dimensional
TAC waves in confined regions. Unfortunately, all of these fi-
nite difference solutions use crude grid spacing relative to the
length scale of the thermoacoustic wave at short times. Re-
cently Fusegi et al. (1995) performed numerical simulations of
thermoacoustic convection in a two-dimensional cavity using a
high-order, non-linear monotone numerical algorithm with the
positivity-preserving property. They studied the case when a com-
pressible fluid in a localized region was suddenly energized to
generate pressure waves.
In the majority of the existing studies on thermoacoustic con-

vection, pressure waves are generated by applying sudden heating
(or cooling) to the entire length of one or more walls of the con-
fined region. In this paper we consider the case when TAC waves
are generated by raising the temperature in localized regions of the
walls. The nonlinear TAC waves propagate away from these re-
gions, interact with each other, and reflect from the walls creating
complicated two-dimensional patterns. The process of reflection
and diffusion continues until the waves die out and a quiescent
thermal conduction condition is achieved. In this work the non-
linear two-dimensional TAC wave problem is solved numerically
using a highly accurate dynamically adaptive wavelet collocation
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algorithm developed by Vasilyev and Paolucci (1996b).

MATHEMATICAL MODEL
Consider a compressible ideal gas in rectangular cavity [

. The gas is initially quiescent at a uniform pressure
and temperature . The properties corresponding to the initial
state are denoted by the subscript 0. Superscript “*” denotes di-
mensional quantities. As a result of sudden temperature change at
localized regions on the walls, deviations from initial values will
occur. We denote the non-dimensional density, pressure, temper-
ature, and velocity components in the and directions by , ,
, and and respectively. The problem is nondimensionalized

exactly the same as in Huang and Bau (1995). is the pressure
scale, is the temperature scale, is the density scale, and

, the sound speed of the undisturbed gas, is the
velocity scale, where is the ratio of specific heats
and is assumed to be temperature independent (Huang and Bau,
1995). Finally, is the length scale and is the
time scale, where is the dynamic viscosity. The dimensionless
continuity, and momentum, energy and state equations that
describe the two-dimensional nonlinear thermoacoustic waves are
given by

(1)

(2)

(3)

(4)

(5)

where

(6)

and is the Prandtl number. The viscous dissipation terms have
been neglected in the energy equation since they are negligibly
small in these flows.
The nondimensional viscosity and thermal conductivity are ap-

proximated by

(7)

The initial conditions are

(8)

The problem is solved for one and four localized temperature
disturbances at the walls (hereafter referred as one wave and four
waves cases). In the one wave case the boundary conditions are
given by

(9)

(10)

In four waves case, the boundary conditions

(11)

are used instead of (10). In both (10) and (11) is
the localized temperature disturbance given by

(12)

where is a constant amplitude, is the Heaviside func-
tion, is the location of the disturbance, and is a parameter
characterizing the localization of the disturbance.
The problem is solved with , ,
, , , and , which correspond

to nitrogen gas at a reference temperature of . We use
for comparison with the results of Huang and Bau

(1996). Other parameters are taken to be , ,
, , , , .

COMPUTATIONAL METHOD
In this section we briefly describe the numerical algorithm which

we will use to solve the system of equations (1-5) with initial
conditions (8) and boundary conditions (9), (10) or (11). For
more details about algorithm we refer to Vasilyev and Paolucci
(1996b).

Fast Wavelet Collocation Transform
Let us consider a function defined on a closed rect-

angular domain , where and
. If we take

(13)

where is a two-dimensional wavelet, and are
wavelet scales at the level of resolution, and and are
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the location of wavelets at the level of resolution, then it can
be shown (Vasilyev and Paolucci, 1996b) that for appropriately
chosen parameters, can be approximated as

(14)

where is the two-dimensional integer set which consists of
indices of wavelets at the level of resolution. We emphasize
that the distinctive feature of the wavelet approximation (14)
is its multilevelness. In other words, various scales present in
the functions are approximated by wavelets of different levels of
resolution.
We define a set of collocation points

in such a way that for any ( ) the following relation
between the collocation points at different levels of resolution is
satisfied

(15)

This relation between collocation points of different levels enables
us to have the same values of the function at different levels of
resolution at the same collocation points:

(16)

and .
Approximation (14) can be rewritten as a sum of two terms

composed of wavelets whose amplitudes are above and below
a certain threshold. The latter can be neglected without loss in
the approximation. For the two-dimensional case we keep only
wavelets whose amplitudes satisfy the following criteria

(17)

Thus, for a given threshold parameter , a function can
be approximated as

(18)

where is the two-dimensional integer set which consists
of indices of wavelets whose amplitude satisfy the criteria (17).
We also define the two-dimensional integer set which is the
set of indices of the ultimate set of collocation points used for
the approximation. Note that each collocation point at a particular
level of resolution is associated with only one wavelet at the same
level of resolution. Thus, with the omission of wavelets whose
amplitudes are below the given threshold, the collocation points
associated with them should be omitted as well.
Approximation (18) can be rewritten for any intermediate res-

olution level ( ). Let be the residual be-
tween approximations at the level of resolution and

at the level of resolution

(19)

Evaluating (19) at collocation points for
and using property (16) we obtain

(20)

for , where for convenience of notation
we introduce the operator

(21)

which measures the contribution of wavelet at location
. We start from the coarsest level of resolution and pro-

gressively move to the finest level. On each level the coefficients
of the lower levels are fixed, so we only obtain the coefficients
corresponding to that level. Knowing at the level of
resolution the values of the residual , , can
be found using the following recursive relation

(22)
for and

(23)

Due to the fact that is banded in last two indices with
the bandwidth determined by the support of the basic wavelet
and due to the cardinal properties of wavelets that we utilize in
the algorithm, the total computational cost involved in calculating
wavelet coefficients at all levels is , where
is the total number of collocation points and is a parameter
which defines the bandwidth of the tensors and .
The values of the derivatives of the approximate function at the

collocation points can be found using the following relation

(24)

for . implies -th and -th derivatives with re-
spect to and respectively. Thus the overall computational cost
of calculating functional values of the derivatives at collocation
points is .

Dynamically Adaptive Numerical Algorithm
In order for the algorithm to resolve all the structures appearing

in the solution, the basis of active wavelets and, consequently,
the computational grid should adapt dynamically in time to reflect
local changes in the solution. The adaptation of the computational
grid is based on the analysis of wavelet coefficients. To ensure
accuracy of the approximation, the basis should include wavelets
whose coefficients can possibly become significant during the
period of time when the basis remains unchanged. Thus, at any
instant of time, the basis consists of wavelets belonging to an
adjacent zone of wavelets for which the magnitude of coefficients
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satisfy criteria (17). We say that the two-dimensional wavelet
belongs to the adjacent zone of wavelet if

the following relations are satisfied:

(25)

where determines the extent of which coarser and finer scales
are included into the adjacent zone and defines the width of
the adjacent zone in physical space.
Let us denote by the irregular grid of wavelet collocation

points that are retained to approximate the solution at time . Fol-
lowing the classical collocation approach, and evaluating equa-
tions (1-5) at collocation points at the
finest level of resolution we obtain a system of nonlinear ordi-
nary differential equations. Functional derivatives appearing in
the equations are found using the fast multilevel wavelet colloca-
tion transform described earlier. In the present work we use a -th
order Gear implicit time integration algorithm implemented in the
IMSL routine IVPAG (1989). The time integrations step for the
system (1-5) is chosen so that the truncation error associated with
the time integration algorithm is less than .
The present numerical algorithm involves three steps:

1. Assume we have computed the approximate solution
at positions on the irregular grid (from initial conditions
or from the previous time step). For a given threshold we
adjust based on the magnitude of wavelet coefficients
at time which are obtained from the solution of (20).

2. If and are the same go to step 3, otherwise:

values of the solution at collocation points of
, which are not included in , are computed

using (18).

3. Integrate the resulting system of ordinary differential equa-
tions to obtain new values at positions on the
irregular grid and go back to step 1.

The accuracy of numerical algorithm was validated by compar-
ing the results for a one-dimensional thermoacoustic wave with
the results of Huang and Bau (1996). This comparison is given in
detail in Vasilyev and Paolucci (1996a). In their finite difference
numerical algorithm, Huang and Bau used grid points, while
in our numerical calculation using the adaptive wavelet collocation
method the total number of grid points did not exceed at any
time. In addition, small oscillations were observed in the solution
of Huang and Bau at small times due to unresolved scales asso-
ciated with the initial large gradients. These oscillations were not
observed in the results obtained by the wavelet collocation algo-
rithm. Note that if one tries to solve an equivalent two-dimensional
TAC problem using a conventional finite difference numerical al-
gorithm, the total number of grid points that would be required for
proper resolution of all scales present in the problem will exceed

, which makes this problem computationally challenging. With
the use of our dynamically adaptive wavelet collocation algorithm
the two-dimensional thermoacoustic wave problem can be solved
using considerably less number of unknowns, while at the same
time retaining proper resolution of all scales.

RESULTS AND DISCUSSION
The two-dimensional thermoacoustic wave problem involves

five unknowns, four partial differential equations (continuity,
and momentum, and energy) and one algebraic relation (equation
of state). The adaptation of the computational grid is based on the
analysis of coefficients associated with all dependent variables.
The irregular grid of wavelet collocation points is constructed
as a union of irregular grids corresponding to each dependent
variable.
The solution of the thermoacoustic wave problem (1-5) with

initial conditions (8) and boundary conditions (9) and (10) (which
correspond to the one wave case) is illustrated in figure 1. The
results are shown for the dynamically adaptive multilevel colloca-
tion method using the correlation function of Daubechies scaling
function of order five with threshold parameter indi-
cating that the local relative error in uniformly less than
everywhere in the domain. Note that the results are calculated
and saved on the irregular grid. Examples of irregular grids are
shown in the bottom row of figure 1.
For a more detailed description of the solution we present in

figure 2 cross-sectional ( ) distributions of pressure and -
component of velocity for different times until the wave reaches
the opposite side wall. The waves are characterized by a steep
front and relatively long tail. In contrast to the one-dimensional
case, when the tail pressure is higher than the pressure in front of
the wave, a pressure rarefaction behind the wave is observed for
the case of a localized temperature disturbance. This rarefaction
is caused by the fact that the pressure wave forces the medium to
move away from the disturbance in a radial direction causing the
pressure decrease. This pressure rarefaction can be distinctively
seen on figure 2 for times . The susequent increase of
pressure is caused by the influence of the TAC wave reflected from
the upper wall. Note that the pressure rarefaction causes secondary
motion of the medium in the immediate vicinity of the localized
disturbance, i.e. towards the temperature disturbance. This motion
is caused by the reverse pressure gradient due to rarefaction. We
also note that pressure rarefaction causes the presence of two local
maxima in –velocity component, while in the one-dimensional
case the velocity always had single local maximum.
The solution of problem (1-5) with initial conditions (8), and

boundary conditions (9) and (11) (which correspond to the four
waves case) is illustrated in figures 3, 4, and 5. The results are
shown for the dynamically adaptive multilevel collocation method
using the correlation function of Daubechies scaling function of
order five with threshold parameter . Each of the
four waves before their interactions behaves as the TAC wave
described earlier. After interaction the waves go through each
other creating the complicated velocity fields shown in figure 5
and facilitating mixing. Thus thermoacoustic waves generated by
multiple localized disturbances can be used as an effective mixing
device in micro-gravity conditions.
The dynamical adaptation of the computational grid is illustrated

in figure 6. With time evolution, the computational grid adapts to
the local structures appearing in the solution. There are three basic
structures which require fine local resolution. The first structure is
the region of large temperature and density gradients which exist
close to the region of the abrupt temperature change. The second
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structure is the thermoacoustic waves initially propagating radially
from the region of temperature change and then reflecting from
the walls. The third structure is the velocity boundary layer which
appears in the neighborhood of walls due to non-slip boundary
conditions (see figure 5). Finally large gradients are also observed
in the regions where the thermoacoustic waves interact with each
other. Note the retention of symmetry in the solution even though
the problem was solved in the complete domain. We emphasize
that if the same problem is solved on a uniform nonadaptive
computational grid it would require more than grid points,
while in the present calculations the total number of collocation
points did not exceed . This illustrate the efficiency of the
dynamically adaptive wavelet collocation algorithm.

CONCLUSIONS
Nonlinear thermoacoustic convection in a two-dimensional en-

closure is studied numerically. Due to the abrupt temperature
change in the localized regions of the walls, two-dimensional
pressure waves are generated. These waves propagate, interact
with each other, and reflect from the walls creating complicated
two-dimensional patterns. The two-dimensional thermoacoustic
waves generated by localized temperature disturbances causes rar-
efaction behind waves, which is not observed in one-dimensional
TAC waves or TAC waves generated by non-local disturbances.
Thermoacoustic waves generated by multiple localized temperara-
ture disturbances can be used as an effective mixing device in
micro-gravity conditions, when the natural convection is weak.
The dynamically adaptive multilevel wavelet collocation method

is shown to be an excellent numerical algorithm whose computa-
tional cost is , where is the total number of collocation
points. Additional efficiency of the method is achieved via dy-
namical grid adaptation, which allows local grid refinements to
resolve all scales present in the solution.
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FIGURE 1. Evolution of the pressure (upper row), the velocity field (middle row), and the collocation grid (bottom row) for the
two-dimensional nonlinear thermoacoustic wave problem (one wave case) with and .

(a) (b)

FIGURE 2. Cross-sectional ( ) distributions of (a) pressure and (b) -component of velocity (at different times for the
two-dimensional nonlinear thermoacoustic wave problem (one wave case) with and .
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FIGURE 3. Evolution of the temperature for the two-dimensional nonlinear
thermoacoustic wave problem (four waves case) with and .

FIGURE 4. Evolution of the pressure for the two-dimensional nonlinear thermoacoustic
wave problem (four waves case) with and .
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FIGURE 5. Evolution of the velocity field for the two-dimensional nonlinear
thermoacoustic wave problem (four waves case) with and .


