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T-dependence of electronic/optical properties
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Overview

1. Thermal expansion and phonon population effects

2. First-principles Allen-Heine-Cardona (AHC) theory

3. Breakdown of the adiabatic quadratic approximation

for infra-red active materials

4. Zero-point renormalization (ZPR) : theory vs experiment

5. The physics of the ZPR in infra-red active materials
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Thermal expansion
and
phonon population
effects
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Divide and conquer ...

Constant-pressure temperature dependence of the
electronic eigenenergies : two contributions

(5, 15)) + (Gew) ) (57
or ), |Lor ), oV ). |\ aT ),
Constant  Constant \: o, (T)
volume temperature

Thermal expansion
coefficient

Contribution of the phonon population, i.e. the vibrations
of the atomic nuclei, at constant volume

+

Contribution of the thermal expansion, i.e. the change in
volume of the sample, at constant temperature
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ADb initio thermal expansion
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ADb initio thermal expansion

Linear thermal expansion coefficient of bulk silicon
15 | I I ]

P=6 10° Pa

l | |

-5 |
0 200 400 600 800 1000
T (K)
A G.-M. Rignanese, J.-P. Michenaud and XG Phys. Rev. B 53, 4488 (1996)
7 50 g UcLouva
ouvain Skoltech, April 16, 2019

AAE
ETSE Skol



Thermal expansion contribution to the gap of Si
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But total exp. change between OK and 300K = 0.06 eV !

...Thermal expansion contribution is negligible (for Si) ...
NOT always the case, can be of same size : black phosphorus (Villegas, et al,

Nanolett. 16, 5095 (2016)), Bi28e3 family (Monserrat & Vanderbilt, PRL117, 226801 (2016)).
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Phonon population effects

Different levels of approximation :

-dynamics of the nuclei ... classical ... quantum ?
-harmonic treatment of vibrations or anharmonicities ?
-adiabatic decoupling of nuclei and electronic dynamic, or
non-adiabatic corrections ?

-independent electronic quasi-particles (DFT or GW), or
many-body approach with spectral functions ?

.. At least 5 first-principles methodologies :
(1) Time-average
(2) Thermal average
(3) Harmonic approximation + thermal average
(4) Diagrammatic approach (Allen-Heine-Cardona)
(5) Exact factorization (H. Gross and co-workers)
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Phonon population effects in solids

Concepts ...
... can be explained with diatomic molecules

Simple :
-discrete levels, simple molecular orbitals
-only one relevant vibration mode.

(6 modes decouple as 3 translations, 2 rotations + the stretch.)
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Average eigenenergies in the BO approx.

Variation of the HOMO energy wrt bond length

o
[}
[}
e

Electronic eigenenergies,
function of the bond length £ (AR) =>
=> broadening and shift !

0.002

[e]
T T

(1) Time-average of eigenenergies
from Molecular Dynamics trajectories, _
AR(t) ataverage T, with 0008

-0.002

Variation of the HOMO energy (Ha)

| . | . |
-0.05 0 0.05
Bond Length variation (bohr)

e (T)=lim~ “e,(AR(1) di

T—oo T
Pros : well-defined procedure ; compatible with current implementations
and computing capabilities ;€,(AR(?)) from DFT or GW ;
anharmonicities
Cons : if classical dynamics => no zero-point motion ; adiabatic
(vibrations, but no exchange of energy !) ; hard for solids (supercell)
also supercell mix eigenstates, need unfolding
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Average eigenenergies in the BO approx.

Variation of the HOMO energy wrt bond length

—
|
|
|
|
|

—
|

e
o
(=)
E

Electronic eigenenergies
function of the bond length £ (AR)
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(2) Thermal average with accurate
quantum vibrational states,
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Variation of the HOMO energy (H:.,
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Bond Length variation (bohr)

Ej(m) _Epy(m)

En(T):%Ze ksT (J.)(;(AR)En(AR))(m(AR)dAR) Z=Ze ksT

Pros : zero-point motion ; £, (AR(1)) from DFT or GW ;
anharmonicities

Cons : hard to sample more than a few vibrational degrees of freedom ;
adiabatic (vibrations, but no exchange of energy !); hard for solids
(supercell), also supercell mix eigenstates, need unfolding

Alternative: one very large supercell with prepared atomic displacements

-0.004
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Average eigenenergies : BO and harmonic approx.

(3) Thermal average with quantum vibrational states in the harmonic
approximation, and expansion of € (AR) to second order

1
1

nvib(T) — _h_a)

e k5T _1 ag/
T-dependent phonon occupation 5gn (T)= n
number (Bose-Einstein) on,,

Pros : zero-point motion;  €,(AR)  from DFT or GW ;
tractable ... for molecules ...

Cons : hard for solids (supercells) ; no anharmonicities ;

adiabatic (vibrations, but no exchange of energy !); supercell mix

eigenstates, need unfolding
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First-principles
Allen-Heine-Cardona
theory
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Long history of the theory of T-dependent effects
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In a semi-empirical context (empirical pseudopotential, tight-binding) ...
Work from the '50 :

H. Y. Fan. Phys. Rev. 78, 808 (1950) ; 82, 900 (1951)

E. Antoncik. Czechosl. Journ. Phys. 5, 449 (1955). Debye-\Waller.

H. Brooks. Adv. Electron 7, 85 (1955) + YU (PhD thesis, unpubl., Brooks supervisor)

~\AN
s
Fan o~y s ¢ Debye-Waller

Within 2nd order perturbation theory treatment

of electron-phonon effect, both contributions are needed (of course !).
Unification by :

Allen + Heine, J. Phys. C 9, 2305 (1976).

Allen + Cardona, Phys. Rev. B 24, 7479 (1981) ; 27, 4760 (1983).

=> the Allen-Heine-Cardona (AHC) theory.
Used for semi-empirical calculations in the ‘80s

B UCLouvain _
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Allen-Heine-Cardona (AHC) formalism

Allen + Heine, J. Phys. C 9, 2305 (1976). Allen + Cardona, Phys. Rev. B 24, 7479 (1981) ; 27, 4760 (1983).

Second-order (time-dependent) perturbation theory
(no average contribution from first order)
* Formulas for solids (phonons have crystalline momentum)

* If adiabatic approximation ... neglect the phonon frequencies with
respect to the electronic gap, no transfer of energy :

1 o€, 1 occupation number
o€, (T,V = CO”St)— Z (n (T)+— ) from Bose-Einstein
Bn 2 statistics

de, 1 Z E)& f,w(zlj)fm(_zlj)eiq.<R,cvb—Rm>

on, 20, xR OR., M M.

Electron-phonon
coupling energy

“Phonon mode factor”

(EPCE)
¢ (gj) phonon eigenmodes K = atom label a=x, y, or z
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Hellman-Feynman theorem : g%):< ©)
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One more derivative :
A\ 1 VaN
(2) _ 0) 2) [ 400) (0) (1) (1)
& —£<¢/;n Hy ‘ fn >}+[5(<% He 19 >+(C-C))J

Debye-Waller v/ \ Fan
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First-principles implementation

-Density-Functional Theory (later, GW results will be shown as well)
-Implementation in ABINIT (www.abinit.org)

-Plane wave + pseudopotential methodology

-Converged number of plane waves (for diamond 30 ... 40 Hartree)

-k point sampling (for diamond 6x6x6 sufficient for first-order Hamiltonian)
-Density Functional Perturbation Theory for phonons => no sum on
conduction bands, no supercell

Technology used in the Materials project (http://materialsproject.org)
>1500 phonon band structures from ABINIT freely available
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ABINIT phonons uploaded in Materials Project

Phonon dispersion Density of States
PN L
1200 | \< \> \ 1200
1000 |- \ \k \ 4 1000 ). J
T, s} /\ 4 [N (117 SO SR
g g
8 8
g g
Z 600 . £ 600
B N
400 + . 400
200 4 2000
0 | ! ] 0
r X w K r L U W L Klu X 0

Wave Vector Density of states

Warning! These calculations were performed using a PBEsol exchange correlation functional in the
framework of DFPT using the Abinit code. Please see the wiki for more info.

Nteractuve DIOLS |l hermodynam guantitie
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DFT T-dependent band structure

Energy [eV]
10

Temperature: 0.0 K ‘

Diamond 0 Kelvin
(incl. Zero-point motion)

5 Note the widening of
S S the bands = lifetime

X

S. Poncé, Y. Gillet, J. Laflamme Janssen, A. Marini, M. Verstraete & XG, J. Chem. Phys. 143, 102813 (2015)
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DFT T-dependent band structure

Energy [eV]
10 | Temperature: 300.0 K

Diamond 300 Kelvin

3 Note the widening of
S the bands = lifetime

0 - -
I X
A S. Poncé, Y. Gillet, J. Laflamme Janssen, A. Marini, M. Verstraete & XG, J. Chem. Phys. 143, 102813 (2015)
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DFT T-dependent band structure

Energy [eV]
10 | Temperature: 900.0 K

Diamond 900 Kelvin

5 Note the widening of
s the bands = lifetime

= 4
L X
A S. Poncé, Y. Gillet, J. Laflamme Janssen, A. Marini, M. Verstraete & XG, J. Chem. Phys. 143, 102813 (2015)
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DFT T-dependent band structure

Energy [eV]
10 | Temperature: 1500.0 K

Diamond 1500 Kelvin

z Note the widening of
L the bands = lifetime

S. Poncé, Y. Gillet, J. Laflamme Janssen, A. Marini, M. Verstraete & XG, J. Chem. Phys. 143, 102813 (2015)
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First-principles implementation

-Density-Functional Theory (later, GW results will be shown as well)
-Implementation in ABINIT (www.abinit.org)

-Plane wave + pseudopotential methodology

-Converged number of plane waves (for diamond 30 ... 40 Hartree)

-k point sampling (for diamond 6x6x6 sufficient for first-order Hamiltonian)
-Density Functional Perturbation Theory for phonons => no sum on
conduction bands, no supercell need ; reformulation of the Debye-Waller
term thanks to the rigid-ion approximation

-Sampling on the g phonon wavevectors for the Fan term is a big issue !

582PM _ 1 Zagrn l
"N, S on, 2

ij

agrn(FCll’l) _ 1 9,{ Z <¢Fn VK'aHK ¢E]n'><¢én‘ VK"bHK" ¢Fn> é,(a(éj)é,(-b(_éj) ei(/-(RK'h_qu)

dng, Wjj xax'bn [ & =& | VMM,

Indeed intraband contributions diverge due to the denominator !
Still, can be integrated out ... for diamond ...

*/lﬁﬁt
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Intraband divergence for small q

XD

Diamond

Energy (eV)

~7
=

L I X W K L w X K r

Eq gt = 421751 €V

. g, (Fan) . 1 f(gjn) . og,(Fan) 1
lim ra =lim Optic modes : lim — < —
g—0 n; G—0 Wy Er, — &;, g—0 N q

Can be integrated in 3D !
+ For acoustic modes, Fan/DDW contribs cancel each other
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Divergences on isoenergetic surface

R j\/ - Diamond
1\ Set of
7 isoenergetic

Energy (eV)

EF t
waveveclors

L

L I X W K L w X K I

Eg adinecy = 421751 &V
I der, (Fan) _ 1 L flgmn) 1
11m 1m
q%éiso angl] q%q w el“n o 8 Vq qn _.‘ (q qlSO)

Can be integrated !
Such problem occurs only off the extrema
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Smoothing the denominator
Standard recipe in AHC works in the 80s: C, but also Si, IlI-V compounds ...

dep, (Fan) 1 Z <¢rn ><¢qn' VK"bHK"¢Fn> 6 (@15, (=G)) 1 Rev=Rea)

on,, Oy oo Er, —E.,[+i0 JM M.

.. dramatically helps the convergence ... to a (slightly) different value ...
If imaginary part = 100 meV (considering direct gap at Gamma) :

8x8x8 x4s (140.5) 181.9 -322.4
12x12x12 x4s 182 141.7 -293.1 -434.8
16x16x16 x4s 408 141.7 -273.9 -415.6
20x20x20 x4s 770 141.7 -260.1 -401.8
24x24x24 x4s 1300 141.7 -257.5 -399.2
28x28x28 x4s 2030 141.7 -269.1 -410.8
32x32x32 x4s 2992 141.7 -271.8 -413.5
74‘;?”/(@— B UCLouvain — —
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Changing the S N U N
. . g
—980f-=-= T S bonieoeeeeaeees H— -
Imaglnary delta E i [e—e 125x125x125 g-grid
2 : | e—e 75x75x75 g-grid
Enad I T -~ Linear fit i
f(an) I I I
. . P 1] . ------ e—e cxirapolated g-grid 4
€y, 86?’1 +i0 > ‘ i | == Square root fit
] e : .
o
. Q. 150
For very large g-wavevector sampling, . :
rate of convergence understood, 145
+ correspond to expectations ! _ | | | |
o ? f
SE i a
g
5
§ N e N S E— .
) 0 20 40 ,GO 80 100
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Breakdown
of the adiabatic
quadratic approximation
for infra-red active
materials

uvain
A kol '
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Boron nitride renormalization of gap

§OO \ —1 800 , : . .
< 700F ©© @#=100meV i+ _ sophtoeeee -.orrrvceeerivnn] @—® 100x100x100 g-grid |-
@® 600+ o0 5=50meV : :
‘E'QOO- e i5=10meV
& 400 oo i5=1meV
{\L_ 300 F o—=e ;5=0.01 meV |4
= 200} . _ -~ N, divergence |
10060002 004 006 008 010

1/N,

when the imaginary delta
tends to zero,
the ZPR diverges !

=

... such a divergence is confirmed
by a « post-mortem » analysis ...
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Electric field with IR-active optic modes

Collective displacement with wavevector |q —0 G=0
1 _y/) (/7 (D) (7 (1)
H =V,  tVi,tVia
Vi (G)= —(G +a),e "V (G +q) V(g 0)=—22s L0 0

. " )
7O _(1)( ) 1" od|q| when |g— 0
VH’q(G) =47 n, when |q

\G+.

Both the “external” and Hartree potentials can diverge Ilke.
Definition of the polarization of a phonon mode : P’ (qj)= > Z: & (aj)

. dP,
Z,op = N Born effective charge tensor for atom K
KB |sp_ .
SE=0 477: ZP(l)(q])%
Associated electric field E, =iH fl”(G =0)
ZQy 7/5Q5
Any B UClouvain Skoltech, April 16, 2019
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Quadratic approx. with IR-active optic modes
O (Fan) _ 1 gz 5o Wnl Voo | )0 VK'bHK|\¢rn>é,q,@j)cf,@b(—éj)eiq.(&.,,_m

on,, i ke Er, — &, JM M .

Twice Hél) = 2 VmH,cfm (qj) , each diverges Iike for polar optic modes.

At band extrema, the denominator induces a m divergence .

4
For polar optic modes : total divergence is like , cannot be integrated !

The adiabatic quadratic approximation breaks down for materials
with IR-active optic modes.

[ Note : In gapped systems, only elemental solids do not have IR-active modes]

S. Poncé, Y. Gillet, J. Laflamme Janssen, A. Marini, M. Verstraete & XG, J. Chem. Phys. 143, 102813 (2015)
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Dynamical AHC theory

Beyond adiabatic perturbation theory ... Many-body perturbation theory !
Fan self-energy (also called Migdal self-energy) :

an ]' *
SN @) =Y 5— D (sl HY [xr) (| HY [9)

v

AI’
ny (T) + far (T) L) +1- ()
w— e, [+ w]+insgn(w)  w—eY,|— wy]+ in sgn(w)

== integrable divergences !
Different levels : ) )
On-the-mass shell approximation € =&t Z7(€3)

Quasi-particle approximation £, = €, +Z7 (€;) £, =€, +Z,X7 ()
)N -1
Z,\:(].—me /\(W)| _0)
Or even spectral functions O -
P 1 T ESP ()|

Ay\(w) =

S. Poncé, Y. Gillet, J. Laflamme Janssen, A. Marini,
7/l‘6Tﬁ| : M. Verstraete & XG, J. Chem. Phys. 143, 102813 (2015)

/@‘—' °
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Zero-point
renormalization:
theory vs experiment
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Non-adiabatic AHC theory vs experiment

800

ZPR of the band gap

15%” : :
Vi i4 Two different exp techniques
A]N. ,’, ”/ ’\T\I | I B E— E—
< ey .C 570 \\ -
T ./ SrTiO, )
é 200 GaN 4 ’,' é seof AN 4
g ”l’ ”Zno é 550
N w S 2
C_U AlPe o S 540
S AlAse CdS,/7ZnS
"0_5 I’ -'" 5301
— . .' T —n 0 ew
8 50 # 4 . i d Sl Temperature (K)
- Cdsg,’ ,l,.%;jnse 1 T
l_ ’1 ’l e (b) e
Ly 0042 o F(E1TA .
CdTe/ /- o GaAs ° .
. ZnTe %o.mor - -
,r’ g = 0038 g T(Ey) -
15¢ ’,’15% 0036 E -
15 50 200 800 0O
Isotope Mass (amu)
Experimental ZPR (meV) Ey=E.+BM 12
74‘6Th|t
/o—
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ETSE S

kol
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What about other theories ?

800 .
4 /I‘
AH\" 4:Q’, ’,/
®* /.,
~ : ,, :Q,
%J "C
£ 200
i - SrTi0,
ol
N AIP-
8 ? AIASv-.'. Ge—,
2 g
= 50
Q | S
b} Alhb—[o
— Y,
= b %
dTe ../ +» b
e 0 e AHC
o H Case o ASC-DFT
1 5,’ ,’ (;) ‘HZiISe — A ASC-G\,V
15 50 200 300

Experimental ZPR (meV)

ASC= Adiabatic SuperCell,
based on DFT (PBE)

or on GW -in principle more
accurate than DFT.

For both ASC types, less than
one third of points fall inside
15% zone

ASC results from

Karsai et al, New J. Phys., 20, 12 201
74‘@ —— : arsai et al, New J. Phys., 20, 123008 (2018)
A ouvain Skoltech, April 16, 2019
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The DFT bandgap problem

ETSF Skol

15
- — GW Silicon Comparison of DFT/LDA and
1o fo>_——— DFT/LDA Many-Body Perturbation Theory GW
< band structures with photoemission
and inverse photoemission
2 [recomoma " ___Q__,--,»-""? experiments for Silicon.
& I:Au.w Eg(exp)=1.17 eV
2 |, "eR=Eg(GW)=12ev Problem !
> i e e
3 e R Eg (DFT/LDA)=0.6 eV
: — S as
‘g 5 —— &ize of
typical
Xpear |
:,:: b:?n “ From "Quasiparticle calculations in solids”,
10k by Aulbur WG, Jonsson L, Wilkins JW,
Solid State Physics 54, 1-218 (2000)
-15
L A r A X
Wave vector
i ¥ UCLouvai
A ouvain Skoltech, April 16, 2019
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G,W, + self-consistency + vertex (+e-h)...?

scGW scGW EXP

RPA e-h
Ge 095 081 074
Si 141 124 117
GaAs 185 162 152 sc_;GW RPA vs EXP
SiC 288 253 240 Diff. 0.1eV ... 1.4 eV

CdS 287 239 242
AIP 290 257 245
GaN  3.82 327 320
ZnO 38 32 344
ZnS 415 360 391

C 618 (579 548\ e= scGW + e-h is even better ...
BN 7141 659 =625 | == Remaining discrepancy
MgO 9.16 | 812 783 |¢&==
LE 159 (145 1420)«= 0.1eV..04¢eV
Ar 149 139 1420
N 221 214 2170
© Due to phonons, at least partly !
From Shishkin, Marsman, Kresse,
PRL 99, 246403 (2007)
/A‘ NIt N UCL i
An. BUCLouvdin Skoltech, April 16, 2019

ETSF Skol



Band gap : theory vs experiment

E g 12 15 24 24 25 32 34 39 55 63 7.7 142 (eV)

g,exp
L 12
=
D)
& O
= e O W 0 - I':'I'"D'"'I':I'"'T:'l _____
> J — Onommee N A S 5T I
> o
— O
8 & % O
= 0.8 GWeh O
g O GoWy ¢
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The physics of the zero-
point renormalization
In IR-active materials
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Try Frohlich Hamiltonian ...

Approximations ... (Fréhlich, Proc. R. Soc. Lond. A 215, 291 (1952), Adv. Phys. 3,325 (1954)).
One (c or v) electronic band with only one LO phonon branch. Moreover :

) el-ph coupling = macroscopically screened Coulomb;
) parabolic (c or v) band with effective mass ;

) only intraband electronic contributions;

)

(1
(2
(3
(4) phonon energy constant with respect to wavevector q.

Hypotheses (1-4) CORRECT for q@0, but extended to full BZ and beyond.

NO Debye-Waller, no TO, no acoustic branches ! Long history (large polarons)...

For non-degenerate isotropic ¢ or v band extrema + isotropic material :

(1 1)<m* )1/2
a=[———
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Lowest-order perturbation theory [ZPRFT = —QWLOo 1
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Frohlich Hamiltonian

Approximations ... (Fréhlich, Proc. R. Soc. Lond. A 215, 291 (1952), Adv. Phys. 3,325 (1954)).
One (c or v) electronic band with only one LO phonon branch...

Lowest-order perturbation theory

= 1 1y [/ m* \Y?
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Generalisation of Frohlich Hamiltonian

Here, lowest-order PT generalized to degenerate & anisotropic extrema +
anisotropic materials + multiple phonon branches, still with hypotheses (1-4)
(Z*,m*,dynamical matrix at I"... from 1st-principles)

‘rgFr _ frgF'r “rgF'r “rgF'r
H _Hel +th +HEPI

el " kn
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g*"" (aj kn'n) = === (5——) L swim () (s0m ()
( ) q Q0 \2w,;o(q) € (q) ;

Lowest-order perturbation theory
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Strongly IR active materials: oxides

Gap ZPR (meV)

Material

AHC (meV) | gFr (meV)

gFr/AHC

BaO

BeO

-271 -358

-699 -4380

1.32

0.69
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Weakly IR active materials

Gap ZPR (meV)

Material AHC (meV) | gFr (meV) | gFr/AHC
CdTe -20 -16 0.80
CdS -70 -54 0.77
CdSe -34 -26 0.76
ZnSe -44 -30 0.68
InTe =22 -15 0.68
ZnS -88 -59 0.67
GaN-zb -176 -107 0.61
GaN-w -189 -111 0.59
AIN -399 -231 0.58

e -179 91 0.51
BN -406 -162 0.40
AlP -93 -35 0.38
AlAs -14 -21 0.28
GaAs -24 -5 0.21
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Why are LO phonon frequencies so important ?

[ ZPRFT — —QWLO }

Crucial dynamical effects !

“Slow electrons + fast phonons™ = “polarons”
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Adiabatic approximation: fast electrons

1 q2
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Combine states |kn) and |k +qn):
Static (adiabatic) case
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Are electrons always fast ?

1 h 0 0 _ 0 q2
, where ekn—£k+qn—A£ ~ >

quoc 5 5

- +
€kn €k+qn + Wqv

Combine states |kn) and |k +qn):
Dynamical (non-adiabatic) case

LO phonon

potential

1
Tph ~ .7
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Are electrons always fast ?

1 here £0 _ g0 _ A0 G
0 0 ’ WRETe &y, =& yqn = 2¢ ~2m*

- +
€kn 8k+qn + Wqv

2qv X

Combine states |kn) and |k +qn):
Dynamical (non-adiabatic) case

LO phonon

potential

1
Tph ~ - _.°

Wro-="

When 7> 7, : electron has no time to adjust
At variance with adiabatic hypothesis, in IR-active materials, LO
phonons are faster than the added electron (or the hole) => polarons
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Summary .
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Temperature: 1500.0 K
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q ~ 8 \ \
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v
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-Many effects : Fan, Debye-Waller,

dynamical self-energy, accurate starting

electronic structure (GW) and el-ph coupling (GW) ... 0

but also thermal expansion, anharmonicities, /

non-rigid ion behaviour ... (not presented here)

- Sampling phonon wavevector (= supercell size)
IS a serious issue .

- Adiabatic quadratic approximation breaks down 200 Y /A

for infra-red active solids (both for AHC and supercell | e

case), while inclusion of dynamical effects remove I Y 7

’ ‘.
/¥ Si

divergences casgr /P mse

. eGe

- Frohlich Hamiltonian captures well the main features |7 ecu
of first-principle results for IR-active materials ! 157 s,
) . 15 50 200 800
- Crucial dynamical effects !
“Slow electrons + fast phonons” Charge AT

density <<T/1/\|[|1/!] S| HHTHE T
T ” ; SR
= “polarons U B

LO phonon
potential '
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