
▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣ ♦❢ ❍②❞r❛✉❧✐❝ ❋r❛❝t✉r✐♥❣
❛♥❞ ❘❡❧❛t❡❞ Pr♦❜❧❡♠s

❙❡r❣❡② ❱✳ ●♦❧♦✈✐♥

▲❛✈r❡♥t②❡✈ ■♥st✐t✉t❡ ♦❢ ❤②❞r♦❞②♥❛♠✐❝s✱ ◆♦✈♦s✐❜✐rs❦✱ ❘✉ss✐❛

❙❦♦❧❚❡❝❤ ❊♥❡r❣② ❈♦❧❧♦q✉✐✉♠✱ ▼❛r❝❤ ✷✷✱ ✷✵✶✻



❙t❛❣❡s ♦❢ t❤❡ ❤②❞r❛✉❧✐❝ ❢r❛❝t✉r✐♥❣ ♠♦❞❡❧✐♥❣

◮ ❋r❛❝t✉r❡ ♣r♦♣❛❣❛t✐♦♥
◮ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❢r❛❝t✉r✐♥❣ ✢✉✐❞ ✇✐t❤ t❤❡ ❡❧❛st✐❝ r❡s❡r✈♦✐r
◮ ✢✉✐❞ ❧❡❛❦✲♦✛ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ♣♦r❡ ✢✉✐❞
◮ r♦❝❦ t♦✉❣❤♥❡ss✱ ❝♦♥✜♥✐♥❣ str❡ss❡s✱ ❡t❝✳

◮ ❋❧✉✐❞ ✢♦✇
◮ ✢✉✐❞✲♣r♦♣♣❛♥t ♠✉t✉❛❧

✐♥✢✉❡♥❝❡
◮ ♣r♦♣♣❛♥t tr❛♥s♣♦rt✱

s❡tt❧❡♠❡♥t
◮ ❜r✐❞❣✐♥❣ ♦❢ ♣r♦♣♣❛♥t

◮ ❋r❛❝t✉r❡❞ ✇❡❧❧ ♣r♦❞✉❝t✐♦♥
◮ ♣r♦❞✉❝t✐♦♥ ❢♦r❡❝❛st
◮ ♠✉❧t✐♣❧❡ ✇❡❧❧s ✐♥t❡r❛❝t✐♦♥

◮ ❍②❞r❛✉❧✐❝ ❢r❛❝t✉r❡ ❝♦♥tr♦❧
◮ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s✐③❡ ❛♥❞ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✉r❡



❋r❛❝t✉r❡ ❣r♦✇t❤ ✐♥ ❛ ♣♦r♦❡❧❛st✐❝

♠❡❞✐✉♠



❑❤r✐st✐❛♥♦✈✐❝❤✲●❡❡rts♠❛✲❞❡✲❑❧❡r❦ ✭❑●❉✮✶

❋❧♦✇ ✐♥ t❤❡ ❢r❛❝t✉r❡✿

▼❛ss ❜❛❧❛♥❝❡✿
∂w

∂t
+

∂Q

∂x
= −qL

❈❛rt❡r✬s ❢♦r♠✉❧❛✿ qL =
2CL

√

t− texp(x)

P♦✐s❡✉✐❧❧❡✬s ❢♦r♠✉❧❛✿ Q = − w3

12µ

∂p

∂x❊❧❛st✐❝✐t②✿

w(t, x) =
4

πE′

l∫

0

(
p(t, ξ)− σ

)
B(x, ξ)dξ, E′ =

E

1− ν2
, ✭✶✮

✇❤❡r❡ E ❛♥❞ ν ❛r❡ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ❛♥❞ P♦✐ss♦♥✬s r❛t✐♦✱

B(x, ξ) = ln

∣
∣
∣
∣
∣

√
l2 − x2 +

√

l2 − ξ2√
l2 − x2 −

√

l2 − ξ2

∣
∣
∣
∣
∣
. ✭✷✮

✶
❙✳❱✳ ●♦❧♦✈✐♥✱ ❱✳■✳ ■s❛❡✈✱ ❆✳◆✳ ❇❛✐❦✐♥✱ ❉✳❙✳ ❑✉③♥❡ts♦✈✱ ❆✳❊✳ ▼❛♠♦♥t♦✈✳ ✭✷✵✶✺✮ ❍②❞r❛✉❧✐❝ ❢r❛❝t✉r❡ ♥✉♠❡r✐❝❛❧

♠♦❞❡❧ ❢r❡❡ ♦❢ ❡①♣❧✐❝✐t t✐♣ tr❛❝❦✐♥❣ ✴✴ ■♥t✳ ❏✳ ❘♦❝❦✳ ▼❡❝❤✳ ▼✐♥✳ ❙❝✐✳ ✼✻ ✶✼✹✲✶✽✶✳



P❡r❦✐♥s✲❑❡r♥✲◆♦r❞❣r❡♥ ✭P❑◆✮

❋❧♦✇ ✐♥ t❤❡ ❢r❛❝t✉r❡✿

▼❛ss ❜❛❧❛♥❝❡✿
∂A

∂t
+

∂Q

∂x
= −HqL✱

❈❛rt❡r✬s ❢♦r♠✉❧❛✿ qL =
2CL

√

t− texp(x)

P♦✐s❡✉✐❧❧❡✬s ❢♦r♠✉❧❛✿

Q = − πE′

512µ

∂wmax

∂x
❊❧❛st✐❝✐t②✿

w(t, z) =
4
(
p(t)− σ

)

E′

√

H2

4
− z2, A =

1

4
πHwmax



❙t❛t❡ ♦❢ t❤❡ ❆rt
▼♦st❧② ✉s❡❞ ❤②❞r❛✉❧✐❝ ❢r❛❝t✉r✐♥❣ ♠♦❞❡❧s✿

◮ ❑●❉✱ P❑◆✱ ♣❡♥♥②✲s❤❛♣❡❞ ♠♦❞❡❧s
✭❈❧❛ss✐❝✮

◮ P✸❉✱ P❧❛♥❛r✸❉

◮ ✸❉ ♠♦❞❡❧s

x

y

z
O

H

l

s

s

w

❙♦♠❡ ❞r❛✇❜❛❝❦s✿

◮ ■♥✢✉❡♥❝❡ ♦❢ ♣♦r❡ ♣r❡ss✉r❡ t♦ t❤❡ str❛✐♥ ✐s ♥♦t ♣r♦♣❡r❧② ❛❝❝♦✉♥t❡❞

◮ ▲❡❛❦✲♦✛ r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ✭❛ s✉❜❥❡❝t ♦❢ ❞✐s❝✉ss✐♦♥s✮

◮ ■♥✜♥✐t❡ ✢✉✐❞ ♣r❡ss✉r❡ ❛t t❤❡ ❢r❛❝t✉r❡ t✐♣

❘❡✈✐❡✇ ♦❢ ♠♦❞❡r♥ r❡s✉❧ts✿

◮ ❏✳ ❆❞❛❝❤✐✱ ❊✳ ❙✐❡❜r✐ts✱ ❆✳ P❡✐r❝❡✱ ❏✳ ❉❡sr♦❝❤❡s✱ ✭✷✵✵✼✮ ❈♦♠♣✉t❡r

s✐♠✉❧❛t✐♦♥ ♦❢ ❤②❞r❛✉❧✐❝ ❢r❛❝t✉r❡s✳ ■♥t✳ ❏✳ ❘♦❝❦✳ ▼❡❝❤✳ ✫ ▼✐♥✐♥❣ ❙❝✐✳
✹✹ ✼✸✾✕✸✺✼✳

◮ ❊✳ ❉❡t♦✉r♥❛②✱ ✭✷✵✶✻✮ ▼❡❝❤❛♥✐❝s ♦❢ ❍②❞r❛✉❧✐❝ ❋r❛❝t✉r❡s✳ ❆♥♥✳ ❘❡✈✳
❋❧✉✐❞ ▼❡❝❤✳ ✹✽✭✶✮✿✸✶✶✲✸✸✾



❋r❛❝t✉r❡ ✐♥ ❛ ♣♦r♦❡❧❛st✐❝ ♠❡❞✐✉♠✷

❇✐♦t✬s ❡q✉❛t✐♦♥s ♦❢ ♣♦r♦❡❧❛st✐s✐t②

div τ = 0, τ = λtrE(~u) I + 2µE(~u)
︸ ︷︷ ︸

❊❧❛st✐❝ ❙tr❡ss

− αp I
︸︷︷︸

P♦r❡ Pr❡ss✉r❡

Se
∂p

∂t
= div

(kr
ηr

∇p− α
∂~u

∂t

)

ql = −kr
ηr

∂p

∂y
= −κ(p− U)

ΓR : p = p∞, τ〈~n〉 = −σ∞ ~n

Γs :uy = 0, v = 0, py = 0

Γc : τ〈~n〉 = −U ~n

Γc :
∂v

∂t
=

∂

∂x

( v3

3ηr

∂U

∂x

)

− ql;

± v3

3ηr

∂U

∂x

∣
∣
∣
y=0,x=0∓

=
q(t)

2
=

Q(t)

2H

✷
❱✳❱✳ ❙❤❡❧✉❦❤✐♥✱ ❱✳❆✳ ❇❛✐❦♦✈✱ ❙✳❱✳ ●♦❧♦✈✐♥✱ ❆✳ ❨❛✳ ❉❛✈❧❡t❜❛❡✈✱ ❱✳◆✳ ❙t❛r♦✈♦✐t♦✈✱ ✭✷✵✶✹✮✳ ❋r❛❝t✉r❡❞ ✇❛t❡r

✐♥❥❡❝t✐♦♥ ✇❡❧❧s✿ Pr❡ss✉r❡ tr❛♥s✐❡♥t ❛♥❛❧②s✐s ✴✴ ■♥t✳ ❏✳ ❙♦❧✳ ✫ ❙tr✉❝t✳✱ ✺✶✭✶✶✮✱ ✷✶✶✻✲✷✶✷✷✳



◆♦♥✲❙t❛t✐♦♥❛r② ❙❡❧❢✲❙✐♠✐❧❛r ❙♦❧✉t✐♦♥✸

❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥✿







u(t, x, y) = t1/6 U(ξ, η)

v(t, x, y) = t1/6 V (ξ, η)

p(t, x, y) = t−1/3 P (ξ, η)

∣
∣
∣
∣
∣

ξ(t, x, y) = x√
t

η(t, x, y) = y√
t

Li(t) = γi
√
t, i = r, l

❆ss✉♠♣t✐♦♥s✿

◮ ■♥❥❡❝t❡❞ ✢♦✇ r❛t❡✿ q = q0 t
−1/3

◮ ❱❡❧♦❝✐t② ♦❢ ❢r❛❝t✉r❡ t✐♣s✿ vtip = v0 t
−1/2✳

✸
❙✳❱✳ ●♦❧♦✈✐♥✱ ❆✳◆✳ ❇❛②❦✐♥✱ ✭✷✵✶✺✮✳ ❙t❛t✐♦♥❛r② ❞✐♣♦❧❡ ❛t t❤❡ ❢r❛❝t✉r❡ t✐♣ ✐♥ ❛ ♣♦r♦❡❧❛st✐❝ ♠❡❞✐✉♠ ✴✴ ■♥t✳ ❏✳

❙♦❧✳ ✫ ❙tr✉❝t✳✱ ✻✾✕✼✵✱ ✸✵✺✕✸✶✵



❙♦❧✉t✐♦♥ ▼❡t❤♦❞✿ ❋r❛❝t✉r❡ ●r♦✇t❤ ❈r✐t❡r✐♦♥



❈❛s❡ st✉❞✐❡s✿ ❈♦♠♠♦♥ ♣❛r❛♠❡t❡rs

P❛r❛♠❡t❡r ❱❛❧✉❡

❨♦✉♥❣✬s ▼♦❞✉❧✉s✱ E 17 ●P❛

P♦✐ss♦♥✬s ❘❛t✐♦✱ ν 0.2

❘❡s❡r✈♦✐r P❡r♠❡❛❜✐❧✐t②✱ kr 100 ♠❉

❇✐♦t ❈♦❡✣❝✐❡♥t✱ α 0.75

❙t♦r❛t✐✈✐t②✱ Se 1.5× 10−8 P❛−1

❈❧♦s✉r❡ ❙tr❡ss✱ σ∞ 3.7 ▼P❛

❘❡s❡r✈♦✐r Pr❡ss✉r❡✱ p∞ 0 ▼P❛

❘❡s❡r✈♦✐r ❋❧✉✐❞ ❱✐s❝♦s✐t②✱ ηr 10−3 P❛ · s❡❝
❋r❛❝t✉r❡ ❋❧✉✐❞ ❱✐s❝♦s✐t②✱ ηf 10−3 P❛ · s❡❝
❘❛t❡ ♣❡r ❯♥✐t ❍❡✐❣❤t✱ q 10−2 ♠2✴s❡❝



❈❛s❡ ❙t✉❞✐❡s✿ Pr❡ss✉r❡ ❛♥❞ ❢r❛❝t✉r❡ ❛♣❡rt✉r❡

Pr❡ss✉r❡ ❛♥❞ ❤❛❧❢✲✇✐❞t❤ ♦✈❡r t❤❡ ❜♦✉♥❞❛r② y = 0

σ∞

x, m

p
re

ss
u
re

,
M

P
a

Time = 10 sec

−59.5 −39.7 −19.8 0.0 19.8 39.7 59.5

0.00

2.03

4.05

6.08

8.10

10.13

x, m

fr
a
ct

u
re

h
a
lf

w
id

th
,
m

m

Time = 10 sec

−59.5 −39.7 −19.8 0.0 19.8 39.7 59.5

0.00

0.22

0.44

0.66

0.88

1.09



❈❛s❡ ❙t✉❞②✿ ◆♦♥✲❯♥✐❢♦r♠ ❈❧♦s✉r❡ ❙tr❡ss



❈❛s❡ ❙t✉❞②✿ ◆♦♥✲❯♥✐❢♦r♠ ❈❧♦s✉r❡ ❙tr❡ss

Pr❡ss✉r❡ ❛♥❞ ❢r❛❝t✉r❡ ❛♣❡rt✉r❡ ♦✈❡r t❤❡ ❜♦✉♥❞❛r② y = 0✳

σℓ = 10.1

σℓ = 10.2

σℓ = 10.4

σℓ = 10.6

σℓ = 10.8

x , m

P
re

ss
u
re

,
M

P
a

Time = 1 s

−80 −53 −27 0 27 53 80

−0.3

3.6

7.5

11.4

15.3

19.2

23.1
σℓ = 10.1

σℓ = 10.2

σℓ = 10.4

σℓ = 10.6

σℓ = 10.8

x , m

F
ra

c
tu

re
h
a
lf
-w

id
th

,
m

m

Time = 1 s

−80 −53 −27 0 27 53 80

−0.0

0.4

0.7

1.1

1.4

1.8

2.1



❈❛s❡ ❙t✉❞✐❡s✿ ◆♦♥✲❯♥✐❢♦r♠ P❡r♠❡❛❜✐❧✐t②



❈❛s❡ ❙t✉❞✐❡s✿ ◆♦♥✲❯♥✐❢♦r♠ P❡r♠❡❛❜✐❧✐t②

Pr❡ss✉r❡ ❛♥❞ ❢r❛❝t✉r❡ ❛♣❡rt✉r❡ ♦✈❡r t❤❡ ❜♦✉♥❞❛r② y = 0✳

Zone border

σ∞

x , m

P
re

ss
u
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,
M

P
a

Time = 1 s

−80 −53 −27 0 27 53 80
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H
a
lf
-w

id
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,
m

m

Time = 1 s
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❈❛s❡ ❙t✉❞✐❡s✿ ◆♦♥✲❯♥✐❢♦r♠ P❡r♠❡❛❜✐❧✐t②

Pr❡ss✉r❡ ❛♥❞ ❢r❛❝t✉r❡ ❛♣❡rt✉r❡ ♦✈❡r t❤❡ ❜♦✉♥❞❛r② y = 0✳

Zone border

σ∞

x , m

P
re

ss
u
re

,
M

P
a

Time = 21 s
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∂(ρw)

∂t
+∇ ·

(

ρw~u
)

= −Qlf ,

∂

∂t
(wd) +∇ · (wd~u) = 0

u = cup + (1− c)uf , s = d ≡ 1

cH

∫

Γp

d dy.
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∂(cw)

∂t
+

∂(cwup)

∂x
= −vlc

(

1− s

sl

)

+Q,

∂w

∂t
+

∂(wu)

∂x
= −vl

(

1− cs

sl

)

,

∂s

∂t
+ up

∂s

∂x
=

s

w

(

vl

(

1− s

sl

)

− Q
c

)

.



▼✐❝r♦✲♣♦❧❛r ❛♥❞ ✈✐s❝♦✲♣❧❛st✐❝ ✢✉✐❞s ✹

❊①❛♠♣❧❡s ♦❢ ♠✐❝r♦✲♣♦❧❛r ❛♥❞ ✈✐s❝♦✲♣❧❛st✐❝ ✢✉✐❞s✿ ❢r❛❝t✉r✐♥❣ ✢✉✐❞ ✇✐t❤
♣r♦♣♣❛♥t✱ ❞r✐❧❧✐♥❣ ✢✉✐❞✱ ❜❧♦♦❞✱ ❡t❝✳

■♥ t❤❡ ♠♦❞❡❧ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✢✉✐❞✲♣❛rt✐❝❧❡ ❛♥❞ ♣❛rt✐❝❧❡✲♣❛rt✐❝❧❡
✐♥t❡r❛❝t✐♦♥✿ v ✐s t❤❡ s✉s♣❡♥s✐♦♥ ✈❡❧♦❝✐t②✱ ω ✐s t❤❡ ❛♥❣✉❧❛r s♣❡❡❞ ♦❢
♠✐❝r♦✲r♦t❛t✐♦♥s✱ p ✐s t❤❡ ♣r❡ss✉r❡✱ B = ∇v + ǫ · ω ✐s t❤❡ str❛✐♥ t❡♥s♦r✳
❚❤❡ str❡ss t❡♥s♦r ✐s

T = −pI + 2µ1Bs + 2µ2Ba + τ∗
B

|B| , ✐❢ B 6= 0

q

b

❘✐❣❤t✿ ❞✐♠❡♥s✐♦♥❧❡ss ✢♦✇ r❛t❡
✈s✳ ❞✐♠❡♥s✐♦♥❧❡ss ♣r❡ss✉r❡ ❣r❛❞✐❡♥t✳ ❚❤❡
❝✉r✈❡s ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠ ❝♦rr❡s♣♦♥❞
t♦ ✐♥❝r❡❛s❡ ♦❢ ✈✐s❝♦s✐t② µ2✳ ❚❤❡ t♦♣
❝✉r✈❡ τ∗ = µ2 = 0 ✐s t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s✳

✹❙❤❡❧✉❦❤✐♥ ❱✳ ❘✉③✐❝❦❛ ▼✳ ✴✴ ❩✳ ❆♥❣❡✇✳ ▼❛t❤✳ ▼❡❝❤✳ ❱♦❧✳ ✾✸✱ ◆♦✳ ✶✱ ✺✼✕✼✷✳ ✷✵✶✸



■♥✢♦✇ t♦ ❛ ❤♦r✐③♦♥t❛❧

♠✉❧t✐♣❧②✲❢r❛❝t✉r❡❞ ✇❡❧❧



■♥✢♦✇ t♦ ❛ ❤♦r✐③♦♥t❛❧ ♠✉❧t✐♣❧②✲❢r❛❝t✉r❡❞ ✇❡❧❧

P❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs✿
p ✖ ♣r❡ss✉r❡

ρ = const ✖ ❞❡♥❝✐t②
m = m(p) ✖ ♣♦r♦s✐t②
ε ✖ ❡❧❛st✐❝ ❝❛♣❛❝✐t②

k = k(x, y, z) ✖ r♦❝❦
♣❡r♠❡❛❜✐❧✐t②

µ ✖ ✢✉✐❞ ✈✐s❝♦s✐t②

Pr♦♣♦s❡❞ ✷❉✲♠♦❞❡❧ ❛❝❝♦✉♥ts ❢♦r

◮ ❆r❜✐tr❛r② ♥❡t ♦❢ ❢r❛❝t✉r❡s ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥❞✉❝t✐✈✐t✐❡s ♦❢ s❡❣♠❡♥ts

◮ ❱❛r✐❛❜❧❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ r❡s❡r✈♦✐r

◮ ❆r❜✐tr❛r② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦✈❡r t❤❡ ♦✉t❡r ❜♦✉♥❞❛r② ❛♥ ❛t t❤❡
❜♦r❡❤♦❧❡ ✭❣✐✈❡♥ ♣r❡ss✉r❡ ♦r ✢♦✇ r❛t❡✮



❖♣t✐♠✐③❛t✐♦♥ ♦❢ ❢r❛❝t✉r❡s ❣❡♦♠❡tr②

 0

 10

 20

 30

 40

 50

 60

 70

 0  20  40  60  80  100  120  140  160  180

W
e
ll 

p
ro

d
u
ct

io
n

Time

(a): 4 rare short fracs

(b): 2 rare long fracs

(c): 4 dense short fracs

❲❡❧❧ ♣r♦❞✉❝t✐♦♥ ✭103 ♠3✮ ✈❡rs✉s t✐♠❡ ✭❞❛②s✮✿ ✭❛✮ ✖ ❢♦✉r s❤♦rt r❛r❡
❢r❛❝t✉r❡s❀ ✭❜✮ ✖ t✇♦ ❧♦♥❣ ❢r❛❝t✉r❡s❀ ✭❝✮ ✖ ❢♦✉r ❞❡♥s❡ s❤♦rt ❢r❛❝t✉r❡s

Pr❡ss✉r❡ ❞✐str✐❜✉t✐♦♥ ❛t t = 60 ❞❛②s✳



❆♥ ✏❛r❜✐tr❛r②✑ ❢r❛❝t✉r❡ ♥❡t

❆♥ ✏❛r❜✐tr❛r②✑ s❡t ♦❢ ❢r❛❝t✉r❡s ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡s❤
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❲❡❧❧ ♣r♦❞✉❝t✐♦♥ ✭103 ♠3✮ ✈❡rs✉s t✐♠❡ ✭❞❛②s✮✳



❆♥ ✏❛r❜✐tr❛r②✑ ❢r❛❝t✉r❡ ♥❡t

Pr❡ss✉r❡ ❞✐str✐❜✉t✐♦♥✿ k = 1 ♠❉✱ p|O = 100 ❛t♠✱ ❣✐✈❡♥ ♣r❡ss✉r❡ ♦✈❡r
♦✉t❡r ❜♦✉♥❞❛r②



❍②❞r❛✉❧✐❝ ❢r❛❝t✉r❡ ❝♦♥tr♦❧



P❤❛s❡ s❤✐❢t ❜❡t✇❡❡♥ ✇❛✈❡s ♦❢ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡
❇② t❤❡ ❞✐r❡❝t✐ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ✐t ✐s s❤♦✇♥ t❤❛t ✉♥❞❡r ♥♦♥✲st❛t✐♦♥❛r②
✐♥❥❡❝t✐♦♥✴s✉❝t✐♦♥ ♦❢ ✢✉✐❞ ✐♥t♦ t❤❡ ❢r❛❝t✉r❡❞ ✇❡❧❧✱ t❤❡ ♣❤❛s❡ s❤✐❢t ❜❡t✇❡❡♥
t❤❡ ✈❡❧♦❝✐t② v ❛♥❞ ♣r❡ss✉r❡ p ✐s ♦❜s❡r✈❡❞✳

vp ✕ ❞✐❛❣r❛♠s ❢♦r ❞✐✛❡r❡♥t
❢r❛❝t✉r❡ ❧❡♥❣t❤s L

P❤❛s❡ s❤✐❢t ✈s✳ L

P❤❛s❡ s❤✐❢t ✈s✳ ω

❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❛❧❧♦✇s ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ L ❜② t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
♣❛r❛♠❡tr✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳



❍②❞r❛✉❧✐❝ ❢r❛❝t✉r❡ ❛♥❞ ▼❛①✇❡❧❧✲❲❛❣♥❡r ♣♦❧❛r✐s❛t✐♦♥ ✺

1

2
E

E

❆❢t❡r t❤❡ ♣✉♠♣✐♥❣ st♦♣✱ t❤❡ ❢r❛❝t✉r❡ ✐s ❝❧♦s✐♥❣✳
✶ ✐s ❛♥ ✐♥✈❛s✐♦♥ ③♦♥❡✱ ✷ ✈✐r❣✐♥ ③♦♥❡✱ ϕ ✐s t❤❡ str❡❛♠✐♥❣
♣♦t❡♥t✐❛❧✱ σ ✐s t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ✜❧tr❛t✐♥❣ ❡❧❡❝tr♦❧②t❡s✿

Q = −λ11∇p− λ12∇ϕ, J = −λ21∇p− λ22∇ϕ,

λ11 = k/η, λ22 = σ, λ12 = F
√

λ11λ22

❊❧❡❝tr♦❦✐♥❡t✐❝ ❝♦❡✣❝✐❡♥ts λij ❛r❡ ❞✐s❝♦♥t✐♥✉♦✉s ♦♥
t❤❡ ✐♥✈❛s✐♦♥ ❢r♦♥t✳❊❧❡❝tr✐❝ ✜❡❧❞ E ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡

❤②❞r❛✉❧✐❝ ❢r❛❝t✉r❡ ❛♥❞ ❣r♦✇t❤s ❛s t❤❡ r❛t✐♦♥s λ
(2)
11 /λ

(1)
11

è λ
(1)
22 /λ

(2)
22 ❞❡❝r❡❛s❡✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❞❡❝r❡❛s❡ ♦❢ ✈✐s❝♦s✐t② ❛♥❞

❡❧❡❝tr✐❝ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ✐♥✈❛❞✐♥❣ ✢✉✐❞✳

✺❊❧ts♦✈ ■✳◆✳✱ ▼♦s❤❦✐♥ ◆✳P✳✱ ❙❤❡❧✉❦❤✐♥ ❱✳❱✳✱ ❊♣♦✈ ▼✳■✳ ✴✴ ❉♦❦❧❛❞② P❤②s✐❝s✱ ✷✵✶✻✱
❱✳ ✹✻✼✱ ➑ ✷✳



❘❡❧❛t❡❞ ♣r♦❜❧❡♠s✿ ❝❡r❡❜r❛❧

❤❛❡♠♦❞②♥❛♠✐❝s



❈❡r❡❜r❛❧ ❛rt❡r✐♦✈❡♥♦✉s ♠❛❧❢♦r♠❛t✐♦♥s ✻

❆♥ ❛rt❡r✐♦✈❡♥♦✉s ♠❛❧❢♦r♠❛t✐♦♥ ✐s ❛ t❛♥❣❧❡ ♦❢ ❛rt❡r✐❡s ❛♥❞ ✈❡✐♥s t❤❛t
❛✛❡❝ts ♥♦r♠❛❧ ❝❡r❡❜r❛❧ ❜❧♦♦❞ ❝✐r❝✉❧❛t✐♦♥✳

■♥ t❤❡ ❜r❛✐♥✱ ❞❛♠❛❣❡ ♦❝❝✉rs t❤r♦✉❣❤ ✹ ♠❡❝❤❛♥✐s♠s✿

◮ ❚❤❡❢t ♦❢ ❜❧♦♦❞ t♦ ♥❡✐❣❤❜♦✉r✐♥❣ ♥❡r✈❡ t✐ss✉❡✳

◮ ❇r❛✐♥ ❤❛❡♠♦rr❤❛❣❡✳

◮ ❈♦♠♣r❡ss✐♦♥ ♦❢ s✉rr♦✉♥❞✐♥❣ ♥❡r✈♦✉s t✐ss✉❡✳

◮ ▼❛❦✐♥❣ t❤❡ ✢♦✇ ♦❢ ❝❡r❡❜r♦s♣✐♥❛❧ ✢✉✐❞ ✭❈❙❋✮ ♠♦r❡ ❞✐✣❝✉❧t
✻P✐❝t✉r❡s s♦✉r❝❡✿ ❤tt♣✿✴✴✇✇✇✳♥❡✉r♦s✳♥❡t



❈❡r❡❜r❛❧ ❛rt❡r✐♦✈❡♥♦✉s ♠❛❧❢♦r♠❛t✐♦♥s ✻

❊♠❜♦❧✐s❛t✐♦♥ ♦❢ ❛rt❡r✐♦✈❡♥♦✉s ♠❛❧❢♦r♠❛t✐♦♥✳

✻P✐❝t✉r❡s s♦✉r❝❡✿ ❤tt♣✿✴✴✇✇✇✳♥❡✉r♦s✳♥❡t



❊①♣❡r✐♠❡♥t❛❧ ❞❛t❛

■♥ ✈✐✈♦ ♠❡❛s✉r❡♠❡♥ts ♦❢ ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ✐♥ ❜r❛✐♥ ✈❡ss❡❧s ✇❡r❡ ❞♦♥❡
✐♥ ▼❡s❤❛❧❦✐♥ ❘❡s❡❛r❝❤ ■♥st✐t✉t❡ ❖❢ ❇❧♦♦❞ ❈✐r❝✉❧❛t✐♦♥ P❛t❤♦❧♦❣② ✼

❱♦❧❝❛♥♦
❈♦♠❜♦▼❛♣

V P ✲❞✐❛❣r❛♠ ✐♥ t❤❡ ❛✛❡r❡♥t ♦❢ ❆❱▼

❆ ✕ ❜❡❢♦r❡ t❤❡ ❡♠❜♦❧✐s❛t✐♦♥✱

❇ ✕ ❛❢t❡r t❤❡ ❡♠❜♦❧✐s❛t✐♦♥✳

✼❆✳ P✳ ❈❤✉♣❛❦❤✐♥✱ ❆✳ ❆✳ ❈❤❡r❡✈❦♦✱ ❆✳ ❑✳ ❑❤❡✱ ❡t✳ ❛❧✳ ▼❡❛s✉r❡♠❡♥t ❛♥❞ ❛♥❛❧②s✐s ♦❢
❝❡r❡❜r❛❧ ❤❡♠♦❞②♥❛♠✐❝ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜r❛✐♥ ✈❛s❝✉❧❛r ❛♥♦♠❛❧✐❡s ✴✴
❈✐r❝✉❧❛t✐♦♥ P❛t❤♦❧♦❣② ❛♥❞ ❈❛r❞✐❛❝ ❙✉r❣❡r②✳ ✷✵✶✷✱ ◆♦✳ ✹✱ ♣♣✳ ✷✼✕✸✶✳



❊①♣❡r✐♠❡♥t❛❧ ❞❛t❛

❚②♣✐❝❛❧ ❣r❛♣❤s ♦❢ ✐♥ ✈✐✈♦ ♠❡❛s✉r❡❞ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ♦❢ t❤❡ ❜❧♦♦❞
✢♦✇ ✐♥ ❛ ❢❡❡❞✐♥❣ ❛rt❡r② ✭❛✛❡r❡♥t✮ ❛♥❞ ❛ ❞r❛✐♥✐♥❣ ✈❡✐♥ ♦❢ ❛♥ ❆❱▼✳
▲❡❢t✿ ❚✐♠❡ s❡r✐❡s✳
❘✐❣❤t✿ vp✲❞✐❛❣r❛♠ ✐♥ t❤❡ ❛✛❡r❡♥t ♦❢ t❤❡ ❆❱▼ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡
❡♠❜♦❧✐s❛t✐♦♥✱ ❛♥❞ ✐♥ t❤❡ ❞r❛✐♥✐♥❣ ✈❡✐♥✳



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

▲❡♥❣t❤ s❝❛❧❡ L = 10 ❝♠ ❱❡ss❡❧ r❛❞✐✉s R = 0.1 ❝♠

P♦r♦s✐t② m0 = 0.2 ❋❧✉✐❞ ✈✐s❝♦s✐t② µ = 2.4 · 10−2 ❣✴✭❝♠ s✮

P❡r♠❡❛❜✐❧✐t② k = 2 · 10−9 ❝♠2 ❊❧❛st✐❝ ❝❛♣❛❝✐t② ε = 3.75 · 10−7 ❝♠ s2✴❣

❚✐♠❡ T = 1 s ❲❛❧❧s ♣❡r♠❡❛❜✐❧✐t② κ = 10−4 ❝♠2 s✴❣
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❆rt❡r✐❛❧ ✭❧❡❢t✮ ❛♥❞ ✈❡♥♦✉s ✭r✐❣❤t✮ tr❡❡s ♦❢ ✈❡ss❡❧s



◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡✳
▲❡❢t✿ ❚✐♠❡ s❡r✐❡s ❛t t❤❡ r♦♦ts ♦❢ t❤❡ ❛rt❡r✐❛❧ ✭O✮ ❛♥❞ t❤❡ ✈❡♥♦✉s ✭E✮
tr❡❡s✱ ❛♥❞ ✐♥ t❤❡ ❛✛❡r❡♥t✳
❘✐❣❤t✿ vp✲❞✐❛❣r❛♠ ✐♥ t❤❡ ❛✛❡r❡♥t ❛♥❞ ❛t t❤❡ r♦♦t E ♦❢ t❤❡ ✈❡♥♦✉s tr❡❡
❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❡♠❜♦❧✐s❛t✐♦♥✳



❋✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥t

◮ ▼♦❞❡❧❧✐♥❣ ♦❢ ✸❉ ❢r❛❝t✉r❡s ✐♥ ✐♥❤♦♠♦❣❡♥❡♦✉s r❡s❡r✈♦✐r❀

◮ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐✲❢r❛❝ t❡sts❀

◮ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✉r❡ ❝♦♥❞✉❝t✐✈✐t② ❛❢t❡r t❤❡ ♣r❡ss✉r❡ ❞r♦♣❀

◮ ❉②♥❛♠✐❝s ♦❢ ♠✉❧t✐✲❢r❛❝t✉r✐♥❣❀

◮ ❋✐❧tr❛t✐♦♥ ♦❢ ♠✉❧t✐♣❤❛s❡ ✢✉✐❞s ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❍❋❀

◮ ❉②♥❛♠✐❝s ♦❢ ♥♦♥✲◆❡✇t♦♥✐❛♥ ✢✉✐❞s ✐♥ t✉❜❡s ❛♥❞ ❢r❛❝t✉r❡s❀
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